Motivated by the need for a better understanding of the transport of solutes in microfluidic flows with free surfaces, the advection and dispersion of a passive solute in steady unidirectional flow of a thin uniform rivulet on an inclined planar substrate driven by gravity and/or a uniform longitudinal surface shear stress are analysed. Firstly, we describe the short-time advection of both an initially semiinfinite and an initially finite slug of solute of uniform concentration. Secondly, we describe the long-time Taylor-Aris dispersion of an initially finite slug of solute. In particular, we obtain the general expression for the effective diffusivity for Taylor-Aris dispersion in such a rivulet, and discuss in detail its different interpretations in the special case of a rivulet on a vertical substrate.
Introduction
One of the ongoing challenges in microfluidics is that of controlling and optimizing the transport (i.e. the mixing and dispersion) of solutes at small length scales and low Reynolds numbers (see, e.g. the reviews in [1] [2] [3] ). The dispersion (i.e. the combined effect of advection and diffusion) of a solute in a steadily flowing fluid is a classical problem in fluid mechanics which arises in numerous practical situations (such as the spread of pollutants in rivers, chromatographic separation, and the transport of dissolved drugs in the bloodstream) and has been the subject of a huge body of theoretical and experimental research, the vast majority of it originating from the pioneering papers by Taylor [4, 5] and Aris [6] published in this journal. The key insight of this pioneering work was that after a sufficiently long time the mean concentration of solute adopts a symmetric Gaussian distribution which moves downstream with the mean speed of the flow and spreads in the flow direction with an effective (or enhanced) diffusion coefficient, D eff , which is larger than the molecular diffusion coefficient, D, due to the presence of the flow. This phenomenon is now known as Taylor-Aris (or sometimes simply just Taylor) dispersion. In the simplest case of Poiseuille flow in a pipe of circular cross section with diameter d, Taylor [4] obtained the famous expression D eff = D(1 + Pe 2 con /192), where Pe con =ūd/D is the conventional Péclet number based on the mean velocity over the cross section of the pipe,ū. As Witelski & Bowen [7, ch. 11] say, 'Taylor's original paper was presented in his unique and very physically intuitive style; it is deceptively short and challenging to follow', and subsequently many authors have sought to formalize Taylor's argument using a variety of methods, including the method of moments [6] , Fourier series [8] , the method of multiple scales [9, 10] , centre-manifold theory [11] [12] [13] and Liapunov-Schmidt reduction [14] . There is now an extensive literature on dispersion in channels with a variety of cross-sectional shapes (e.g. [15] [16] [17] [18] ), and, in particular, a body of work on dispersion in wide channels (e.g. [9, [19] [20] [21] [22] [23] [24] ). However, with the notable exception of the work of Darhuber et al. [25] on mixing in thermocapillary flows on micropatterned surfaces, there has been surprisingly little theoretical work on transport of solutes in microfluidic flows with free surfaces and, in particular, on the topic of the present contribution, namely the dispersion of a passive solute in a rivulet flow. While the present work is primarily motivated by and described in the context of the dispersion of a solute, the present results also apply to the transport of heat with insulating boundary conditions and can readily be extended to other thermal boundary conditions (e.g. [8] ), and so the present work is also relevant to the wide range of practical situations involving heat transfer in the presence of rivulets (e.g. [26, 27] ).
In addition to in microfluidics, rivulets of many different fluids occur in a wide variety of other practical contexts, including heat exchangers, trickle-bed reactors and various coating processes, and as a result there has been considerable theoretical work on locally unidirectional rivulet flow (e.g. [28] [37] and Herrada et al. [38] considered various aspects of locally unidirectional rivulet flow and its stability.
In the present contribution, we analyse advection and dispersion of a passive solute in steady unidirectional flow of a thin uniform rivulet on an inclined planar substrate driven by gravity and/or a uniform longitudinal surface shear stress. In particular, we obtain the general expression for the effective diffusivity D eff for Taylor-Aris dispersion in such a rivulet, and discuss in detail its different interpretations in the special case of a rivulet on a vertical substrate.
Rivulet flow
Consider steady unidirectional flow of a thin uniform rivulet of incompressible Newtonian fluid on a planar substrate inclined at an angle α (0 ≤ α ≤ π ) to the horizontal, the flow being driven by gravity and/or a uniform longitudinal surface shear stress τ . Aspects of this flow problem were described by Wilson & Duffy [33] and Sullivan [34] ; here we present only the key results relevant to the present study of advection and Taylor-Aris dispersion of a passive solute in such a flow.
Referred to a Cartesian coordinate system Oxyz with Ox down the line of greatest slope and Oz normal to the substrate at z = 0, as shown in figure 1 , we scale and non-dimensionalize variables according to
where u = u(y, z)i and p are the fluid velocity and pressure, = (γ /ρg) 1/2 is the capillary length, z = h(y) denotes the free surface of the rivulet, ( 1) is the aspect ratio of the cross section of the rivulet, a and A are the semi-width and cross-sectional area of the rivulet, β denotes the contact angle, μ and ρ are the constant viscosity and density of the fluid, respectively, U velocity scale associated with gravity-driven flow, g is gravitational acceleration, Q is the volume flux of fluid down the rivulet,ū is the mean velocity over the cross section, γ is the coefficient of surface tension, and p a is atmospheric pressure. Then, with the superscript stars dropped for clarity, the governing Navier-Stokes equation gives, at leading order in , 2) which are to be integrated subject to the boundary conditions
where a prime denotes differentiation with respect to argument. Thus,
to be integrated subject to the contact-line conditions h = 0 and h = ∓β at y = ±a. (2.6) Therefore,
where we have defined I 1 (=A), I 2 and I 3 by and the maximum thickness h m = h(0) may be prescribed. (In practice, it is difficult to prescribe h m and hence, for brevity, we will not consider this situation further in this work.)
The maximum and minimum fluid velocities over the rivulet, which we denote by u max and u min , respectively, satisfy u max ≥ 0 and u min ≤ 0. When τ ≥ 0 (i.e. when the surface shear stress acts in the same direction as gravity), the velocity is downwards everywhere (i.e. u ≥ 0 throughout the rivulet), u max = h m (h m sin α + 2τ )/2 occurs at the apex of the rivulet (i.e. at y = 0, z = h m ) and u min = 0 occurs on the substrate z = 0, but when τ < 0 (i.e. when the surface shear stress opposes gravity) the velocity is upwards (i.e. u < 0) near the edges of the rivulet, but can be downwards elsewhere. In particular, when τ ≤ −h m sin α the velocity is upwards throughout the rivulet with u max = 0 and u min = h m (h m sin α + 2τ )/2 occurring at the apex of the rivulet, but when −h m sin α < τ < 0 there is a region of downward flow in the centre of the rivulet with u max = (h m sin α + τ ) 2 /(2 sin α) occurring within this region at y = 0, z = (h m sin α + τ )/ sin α and u min = −τ 2 /(2 sin α) occurring on the free surface z = h at the positions at which h sin α + τ = 0. For future reference note that the flux Q (and hence the mean velocityū) are positive for τ > τ c , zero for τ = τ c , and negative for τ < τ c , where the critical value τ = τ c (< 0) corresponding to no net flow is given by τ c = −2 sin αI 3 /(3I 2 ). Note that Wilson & Duffy [33] and Sullivan et al. [34] give a complete description of the cross-sectional flow patterns in the special cases of a vertical substrate (i.e. when α = π/2) and a perfectly wetting fluid (i.e. when β = 0), respectively.
The special case of purely gravity-driven flow corresponds simply to τ = 0, in which case the velocity is downwards everywhere with u max = h 2 m sin α/2 and u min = 0. On the other hand, the special case of purely surface-shear-stress-driven flow may be obtained by taking the limit |τ | → ∞ with u rescaled as u = τû to give simplyû = z; then the rescaled fluxQ = Q/τ and the rescaled mean velocityû =ū/τ satisfyQ → I 2 /2 andû → I 2 /(2I 1 ), respectively, and the rescaled minimum and maximum velocities areû max = u max /τ → h m and u min = u min /τ → 0, again occurring at the apex and on the substrate, respectively.
In the special case of flow on a vertical substrate (i.e. when α = π/2), the solution of equations (2.5)-(2.6) is simply the parabolic profile 9) so that 
Dispersion of a passive solute in a rivulet
If a passive solute is released into the rivulet, then it disperses (i.e. it is advected by the flow and diffuses), and its concentration c = c(x, y, z, t), where t denotes time, satisfies the (dimensional) advection-diffusion equation
where D is the diffusivity, and ∇ 2 denotes the two-dimensional Laplacian given by where n denotes the unit outward normal to the boundary of the fluid (comprising the substrate and free surface). In addition, we assume that the solute is released at some initial instant t = 0 with a prescribed initial distribution c(x, y, z, 0), occupying a (possibly infinite) portion x 1 ≤ x ≤ x 2 of the rivulet, with x 1 and x 2 prescribed. A key quantity of interest is the mean concentration over the cross section, which we denote byc =c(x, t), and which is defined byc
Also the mean initial concentration over x 1 ≤ x ≤ x 2 , which we denote by C 0 , is defined by
the integral here being interpreted as an appropriate limit if x 2 − x 1 is infinite.
Advection of a passive solute in a rivulet
At sufficiently short times after the solute is released, specifically for t 2 /D, advection dominates over diffusion, and so the effects of diffusion are negligible. In this case, the governing equation for c therefore reduces simply to the advection equation c t + uc x = 0, which has solution c(x, y, z, t) = c(x − u(y, z)t, y, z, 0), reflecting the fact that the particle of solute that is at position r = r 0 at t = 0 is at r = r 0 + uti at time t. Note that the behaviour of u described in §2 immediately implies that, when τ ≥ 0 all of the solute is advected downwards, when τ ≤ −h m sin α all of the solute is advected upwards, when −h m sin α < τ < 0 both downward and upward advection occur, and, in particular, when τ = τ c the net advection is zero. We non-dimensionalize and scale variables as in (2.1), together with
where C 0 is defined in (3.5); again we drop the superscript stars for clarity.
(a) A semi-infinite slug of solute First, we consider the situation in which the solute initially takes the form of a semi-infinite slug of uniform concentration c 0 in x ≤ 0, where c 0 is a constant, i.e. c = c 0 if x ≤ 0 and c = 0 if x > 0. In his pioneering paper, Taylor [4] considered advection of such a slug in Poiseuille flow in a pipe of circular cross section, for which he showed that the mean concentrationc is piecewise linear in the distance x down the pipe, specificallyc = c 0 for
Note that there is nothing generic about this piecewiselinear dependence ofc on x. For example, the corresponding calculation for two-dimensional Poiseuille flow yieldsc = c 0 [1 − (x/u max t)] 1/2 for 0 ≤ x ≤ u max t, i.e. a square root dependence on x. However, the 'self-similar' dependence on x and t in the combination x/t is generic for this problem.
For rivulet flow, with C 0 = c 0 , the (dimensionless) solution for c at time t is simply c = 1 if x ≤ ut and c = 0 if x > ut, the slug having a 'front' at x = ut, which is planar at t = 0 but is curved for t > 0; of course, as there is no slip at the substrate, the 'base' of the front at x = 0, z = 0 remains stationary for all t. From (3.4),c at any station x and time t is the fraction of the cross-sectional area for which u(y, z) ≥ x/t, which is of the self-similar form 1
where u m is defined by u m = u max − u min (> 0), and the function f , which is determined by (3.4), satisfies 0 ≤ f (x/u m t) ≤ 1, with f (u max /u m ) = 0 and f (u min /u m ) = 1. Figure 2 shows the solution (4.2) forc in a rivulet on a vertical substrate plotted as a function of x for several values of τ at time t = 1, with a = 1 and β = 1, illustrating clearly the advective effects of the flow for both positive and negative values of τ . (Note that because of the self-similar form of (4.2), plots ofc at any other time t > 0 will be the same as those in figure 2 except that, in each case, the x-coordinate must be stretched by the amount u m t.) When τ ≥ 0 all of the solute is advected downwards, and therefore c = 1 and hencec = 1 for x ≤ 0 for all t, which, in particular, explains why the curves for such cases in figure 2 all pass through x = 0 andc = 1. Similarly, when τ ≤ −aβ/2 = −1/2, all of the solute is advected upwards, and therefore c = 0 and hencec = 0 for x ≥ 0 for all t, which, in particular, explains why the curves for such cases in figure 2 all pass through x = 0 andc = 0. [4] considered advection of such a slug in Poiseuille flow in a pipe of circular cross section, for which he again showed thatc is piecewise linear in the distance x down the pipe.
For rivulet flow, with C 0 = c 0 again, the (dimensionless)
when t ≤ /u m (that is, up to the instant when the point of the rear of the slug at which the velocity is a maximum and the point of the front of the slug at which the velocity is a minimum first reach the same x-value), and bȳ
when t > /u m , the function f in (4.3) and (4.4) being the same as that in (4.2). Up to the instant t = /u m ,c increases monotonically with x up to its maximum value 1, which is its value on a decreasing interval lying within 0 ≤ x ≤ , and decreases monotonically with x to the right of this interval. At t = /u m , the interval has shrunk to a point at x = (u max /u m ) , and thereafterc satisfiesc < 1 everywhere, and can develop additional non-monotonic dependence on x beyond what it inherits in an obvious way from the initial distribution of c. Alsoc at x = 0 takes the constant value 1 − f (0) for t ≤ − /u min , but (if u min = 0) decreases thereafter, whereasc at x = takes the constant value f (0) for t ≤ /u max , but (if u max = 0) decreases thereafter. , and so all of the solute is advected upwards, whereas, in figure 3b,c we have −1/2 = −aβ/2 < τ < 0, and so both downward and upward advection occurs. In figure 3c (but not in figure 3b ) non-monotonic dependence ofc on x of the kind mentioned earlier is evident in x > . All of the solutions shown in figure 3 are for cases with τ < 0. Solutions for cases with τ ≥ 0, in which all of the solute is advected downwards, are somewhat similar to the reflection of figure 3a in the line x = 1/2, and so are omitted for brevity. 
Taylor-Aris dispersion of a passive solute in a rivulet
For times longer than those considered in §4, the effects of diffusion are not negligible, and the concentration c satisfies the general advection-diffusion equation (3.1). In the remainder of this work, we will be concerned with Taylor-Aris dispersion of the solute at sufficiently long times. In particular, we will obtain the general expression for the effective diffusivity D eff in the present rivulet flow. For definiteness we consider a situation somewhat similar to that considered in §4b, in which the solute initially takes the form of a finite slug in 0 ≤ x ≤ , where is a constant, with c = 0 if x < 0 or x > , except that now we allow the initial concentration c(x, y, z, 0) to be non-uniform. We non-dimensionalize and scale variables as in (2.1), together with
where L is a characteristic length scale in the x-direction and the mean initial concentration C 0 now takes the form
Then, with the stars again dropped for clarity, the governing equation and boundary conditions for c become, without approximation,
where δ = /L is a longitudinal aspect ratio and Pe is a Péclet number, defined by Pe = U /D. The timescale over which Taylor-Aris dispersion of the solute takes place is such that the aspect ratio δ 1 is small. As is well known (e.g. [4] [5] [6] and the references cited in §1), in Taylor-Aris dispersion of a passive solute in, for example, steady unidirectional pressure-driven flow in a channel of arbitrary cross section Ω, the problem (5.3) leads to an advection-diffusion equation forc at leading order in δ, namely, in dimensional terms,c
where the effective diffusivity D eff is conventionally expressed in the form and the dimensionless quantity C 1 con is the solution of the Neumann problem
In appendix C, we show that an essentially identical result holds for Taylor-Aris dispersion of a passive solute in an, in general, non-thin rivulet, namely
where C 1 is the solution of the Neumann problem
(again written in dimensional terms). We may, of course, choose to regard the quantities κ con , Pe con and C 1 con as being related to κ, Pe and C 1 by, respectively, in just one parameter, namely κ. In addition, when τ takes the critical value τ = τ c corresponding to no net flow,ū = 0, not only is the problem (5.7) for C 1 con singular, but also Pe con is zero and κ con is infinite (with κ con Pe 2 con finite), meaning that in the conventional formulation it would be necessary to define D eff via a limiting process; the present formulation avoids this complication. Moreover, if τ < τ c , thenū < 0 and so, slightly confusingly, Pe con is negative; again the present formulation, in which Pe is always positive, avoids this complication.
We now use the result (5.8)-(5.9) to analyse Taylor-Aris dispersion in a thin rivulet. As might be expected, the following development is somewhat similar to that of Guell et al. [21] and Ajdari et al. [24] for pressure-driven flow in a wide channel. 2 (a) Taylor-Aris dispersion in a thin rivulet For a thin rivulet, equation (5.9) gives, with the scalings (2.1) and (5.1),
If we expand C 1 as 12) then, at leading order in , we obtain
so that C 10 = C 10 (y). At first order in , we obtain
As the contact angle is non-zero, consistency of the boundary conditions in (5.14) at y = ±a requires that
From (5.14), we have where for convenience we have written 19) and hence or, more explicitly, by
Note that, despite the fact that h(±a) = 0, the integral in (5.23) is convergent.
As h (given explicitly by (A 1) in appendix A) depends on α in a non-trivial way, the dependence of κ 0 in (5.23) on α is, in general, rather complicated. On the other hand, for a given value of α, if a and β are prescribed (in which case h is determined explicitly), then κ 0 is simply quadratic in τ . However, if Q is one of the prescribed quantities, along with either a or β (in which case h depends on τ via the flux relation (2.7)), then the dependence of κ 0 on τ is rather more complicated. These points may be understood more readily in the special case of a rivulet on a vertical substrate, which we discuss in detail in §5b below.
(b) Taylor-Aris dispersion in a thin rivulet on a vertical substrate
In the special case of a rivulet on a vertical substrate, in which h is given by (2.9), equation (5.20) gives
and (5.23) leads to an explicit expression for κ 0 , namely
the interpretation of which depends on which two of the three quantities a, β and Q are prescribed, and on the prescribed value of τ , as we now describe.
(i) Purely gravity-driven flow
In the case τ = 0, equation (5.25) yields κ 0 = κ GD for dispersion in purely gravity-driven flow, where
which, when written in the form (ii) Purely surface-shear-stress-driven flow
In the limit |τ | → ∞, equation (5.25) yields κ 0 , rescaled as κ 0 = τ 2 κ SD , for dispersion in purely shear-stress-driven flow, namely 29) or, equivalently, (iv) A rivulet with prescribed β and Q 
in the limits τ → ±∞ (corresponding to a → 0 + ), and a branch in τ < 0 satisfying
in the limit τ → −∞ (corresponding to a → +∞). In the special case Q = 0 (which, for a non-trivial flow, is possible only for τ < 0), κ 0 is simply given by κ 0 = 343τ 6 30888β 2 0.0111 When Q > 0, there is a unique value of κ 0 for each value of τ , but when Q satisfies Q min < Q < 0, where Q min = −3087τ 4 /5120β, there are two values of κ 0 for each value of τ < 0. The latter nonuniqueness arises because, as Wilson & Duffy [33] describe, when τ < 0, there are two possible values of a (and hence two possible rivulets, a narrower one and a wider one) that correspond to such a value of Q; these two rivulets are associated with the smaller and larger values of κ 0 , respectively. As Wilson & Duffy [33] also show, there is no rivulet solution when Q satisfies Q < Q min , or equivalently, when τ > τ max , where τ max = −(−5120βQ/3087) 1/4 for Q < 0; this is consistent with the fact that the curves for Q < 0 in figure 5 lie entirely in τ ≤ τ max .
As figure 5 shows, κ 0 again has a minimum as a function of τ , namely (v) A rivulet with prescribed a and Q If a and Q are prescribed, then κ 0 is again given parametrically as a function of τ by (5.32), but is now parametrized by β (rather than by a). Qualitatively, the behaviour in this case is somewhat similar to that in the case of prescribed β and Q described in §5b(iv). In particular, κ 0 has branches satisfying
in the limits τ → ±∞ (corresponding to β → 0 + ), and a branch in τ < 0 satisfying
in the limit τ → −∞ (corresponding to β → +∞). In the special case Q = 0, κ 0 is simply given by figure 6 , β varies along the curves.
As in the case of prescribed β and Q described in §5b(iv), when Q > 0, there is a unique value of κ 0 for each value of τ , but when Q satisfies Q min < Q < 0, where now Q min = 98τ 3 a/405, there are two values of κ 0 for each value of τ < 0, associated with two rivulets that have the same values of a and Q but different values of β. Also, the curves for Q < 0 in figure 6 lie entirely in τ ≤ τ max , where now τ max = (405Q/98a) 1/3 .
As figure 6 shows, κ 0 again has a minimum as a function of τ , namely 
Summary and conclusion
Motivated by the need for a better understanding of the transport of solutes in microfluidic flows with free surfaces, in the present contribution we analysed the advection and dispersion of a passive solute in steady unidirectional flow of a thin uniform rivulet on an inclined planar substrate driven by gravity and/or a uniform longitudinal surface shear stress. In §4, we described the short-time advection of both an initially semi-infinite and an initially finite slug of solute of uniform concentration. Examples were presented showing both downward and upward advection of solute, highlighting the fact that the dependence ofc on x is not, in general, piecewise linear, and can develop additional non-monotonic dependence on x beyond what it inherits in an obvious way from the initial distribution of c.
In §5, we described the long-time Taylor-Aris dispersion of an initially finite slug of solute. In appendix C, we used the method of multiple scales to derive the formal expression for the effective diffusivity D eff of a non-thin rivulet (or indeed any channel of arbitrary cross section), from which in §5a we obtained our main result, namely the general expression for D eff in a thin rivulet given by equations (5.21)-(5.23). In doing so, particular care was taken to formulate the problem in such a way as to avoid the complications that arise whenū ≤ 0 (i.e. when Q ≤ 0) when using the conventional formulation of the problem. In §5b, we obtained the explicit expression for D eff in the special case of a rivulet on a vertical substrate given by equations (5.21) and (5.25), and discussed in detail its different interpretations depending on which two of the three quantities a, β and Q are prescribed. In all three situations considered, we found that, except in the special case of no net flow, Q = 0, the coefficient κ 0 always has a strictly positive global minimum as a function of τ (i.e. that D eff is always strictly greater than D) and that any value of κ 0 above its minimum value can be achieved with two different values of τ (i.e. with two different rivulets).
As noted in §1, while the present work was primarily motivated by and described in the context of the dispersion of a solute, the present results also apply to the transport of heat with insulating boundary conditions and can readily be extended to other thermal boundary conditions, and hence the present work is also relevant to the wide range of practical situations involving heat transfer in the presence of rivulets.
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